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A simple topological model allowing to estimate the activation energies in thermally initiated
pericyclic reactions is proposed. The formalism of the model is closely connected with the recently
formulated overlap determinant method. Due to its simplicity the proposed model is especially
convenient for the semiquantitative estimate of the reactivity, e.g. in computer designed synthesis
where even the simplest quantum chemical procedures are still too time consuming.

In the last decade the topological approach to chemical reactivity has been the subject of rapidly
increasing interest! 715, This interest, especially in the initial period has been motivated by the
effort to disclose the intrinsic topological reasons conditioning the validity of Woodward-Hoff-
man (W-H) rules!®. Such a qualitative approach starts to be recently extended also for the
topological analysis of multidimensional energy hypersurfaces and for the semiquantitative
estimate of activation energiess'g’ls—ls. In this respect the especially fruitfull approach is that
of Pancit®°. His so-called TMO method fulfills all the above criteria with relatively small demands
on the extent of necessary calculations.

In an effort to simplify this topological approach even more, we have recently
proposed a simple method allowing to formulate the selection rules in chemical
reactivity in terms of the so called overlap determinant'”-!®, The principle of this
method has been however shown to be general enough even for a more detailed
study of the reaction mechanism'®. In this communication we describe a further
extension of the generalised overlap determinant method for the semiempirical
estimate of the barrier heights that separate on the potential energy hypersurfaces
the reactants and the products. After having presented the principles of the method
in an entirely general way the detailed procedure will be documented on a specific
example of the cyclisation of 1,3-butadiene to cyclobutene.

THEORETICAL

As a general example of the chemical reaction let us discuss the abstract transforma-
tion R — P in which the reactant R is converted into the product P. The structure
of the reacting molecules is characterised, similarly as in the original overlap deter-
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minant method, in terms of bonding functions ¢y and ¢p that are constructed in the
form of Slater determinant from the individual chemical bonds forming in a reaction
the irreducible core'” (Eq. (1)).

or = l"lfﬂ'z':z rnfn‘
®p = |PiBiP1Ps --- Pabal (1)
After having converted the function ¢y into the modified function ¢p the Eq. (2)

defines the function ¢(¢) describing the structure of the general transient species
X(¢) in an arbitrary point of the concerted reaction coordinate'®.

1
N(e)

#(p) = {cos p@g + sin o} ¥

On the basis of this generalised bonding function the topological density matrix
Q() is introduced by Eq. (3)

[#r(0a2, xs .t = T T @ 1t ®

The knowledge of this matrix for several different values of the argument ¢ permits
to characterise the reorganisation of the electron density during the chemical re-
action. In our previous study'® a simple method was proposed allowing to describe
this reorganisation in terms of occupation numbers of *‘natural orbitals” diagonali-
sing the topological density matrix Q(¢). On the basis of this methodology a further
generalisation connecting the variations in the values of occupation numbers during
the reaction with the energetical requirements of the activation processes is proposed.
Such a generalisation is based on Eq. (4) expressing the molecular energy in terms
of occupation numbers and ‘‘orbital energies” of corresponding natural orbitals
W, 2021,

E(p) = Zini(qo) (@) + Vo — Erep ¥

By the argument ¢ an explicit dependence of both occupation numbers and orbital
energies g on the magnitude of the angle ¢ is depicted. Introducing now, similarly
as in the original paper by Buenker?! a simplifying assumption equating the terms
V, and E,., representing the nuclear and electronic repulsion, the Eq. (4) may be
transformed into the form (5) expressing the energy of the arbitrary transient species
as a function of the argument ¢.

E(p) = Zini(qa) &i() )
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For such equation to be of practical use it is however necessary to specify at this
stage the exact meaning of individual quantities. The situation is relatively clear
with the occupation numbers and the principal problem consists thus in determining
the orbital energies. Intuitively one feels that they are related in some way to the
eigenvectors of the topological density matrix Q(¢). On the basis of this aralogy
with elementary MO theory this relation is described by Eq. (6) in which the operator
h denotes an effective one-electron hamiltonian.

£i((P) = <'/’i(‘l’) lhl \//i((P)> (6)

Because of the lack of the knowledge of this hamiltonian it is apparent that the values
of the corresponding matrix elements are to be determined, similarly as in HMO
theory, by a proper parametrisation. Such a parametrisation immediately originates
from the following simple idea.

Despite of the fact that Eq. (6) defines the values of ““‘orbital energies” for arbitrary
value of the argument ¢ the necessity of confrontation with proper experimental
characteristics, which lies in the basis of any parametrisation, restricts the possible
choice of the argument ¢ to ¢ = 0 and ¢ = =n/2 since for these two important
structures representing the reactant and the product there usually exists a number
of convenient experimental characteristics on which the parametrisation may be
based. Without going into details let us attempt now to explain the principle of such
parametrisation.

In the framework of the topological approach the structure of the reactant and
the product is characterised by the density matrices ©(0) and €(n/2). Owing to
one-determinantal form of the bonding functions ¢y and ¢ the diagonalisation
of these matrices results in the disjunct discrimination of the occupation numbers
into groups with n; = 2 and n; = 0. The eigenvectors corresponding to eigenvalues 2
are then identical with the bonds r;, p; used for the construction of the functions
¢r and ¢p. Similarly the eigenvectors corresponding to eigenvalue O describe the
“‘virtual bonds” differing from the ordinary bonds by the nodal structure, i.e. by the
change of the sign between the AO on the bonded centers’®. Because of the disjunct
character of the distribution of the occupation numbers the Eq. (5) can be simplified
and the relation for the molecular energy rewritten in the form of Eq. (7).

En = E(0) = 2b°§sei(0) _ zb°§5<ri|h] -~
Ee = @) = 23, o(af) = 2 3 <olhl 5 ?)

These equations are, however, entirely analogous to the widely used relations des-
cribing the molecular energy as a sum of the so-called bonding energies (Eq. (8)).
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bonds

ER = Z E”

bonds

EP = Zj EP_] (8)

In the light of this analogy the orbital energies ¢;(0) and &;(n/2) can be given a physical
meaning of effective bonding energies E, , E, of the bonds r;, p; and in this sense
can be regarded as empirically adjustable parameters fj, B} the proper choice of
which may compensate the possible imperfections of the simple additive scheme
(Eq. (9)-

E, = 28i(0) = 2(ri|h] ro = =24
E,, = 2¢(n[2) = 2 pilh| p> = —25} ©)

The detailed procedure of determining these parameters is not important at this
stage and will be given later during the analysis of concrete examples. For the time
being let us assume that the values of these parameters are known. Their knowledge
allows us so far to calculate only the energies of the reactant and the product (Eq.
(5)) If however one wants to obtain also a certain idea about the energetic aspects
of the activation process it is apparent that for calculation the corresponding energies
E(¢) in a general point of the reaction coordinate a generalization allowing to deter-
mine the orbital energies ¢,(¢) for the arbitrary value of the argument ¢ is necessary.
In order to restrict the necessary number of empirical parameters this generalization
is to be formulated in a way maximally employing the already known values of
bonding energies B without the necessity of introducing any further parameters.
For this purpose the transformation will be used converting the eigenvectors of the
general density matrix Q(¢) from the original basis of AO y (in which they are ex-
pressed after the diagonalization) into the basis of ‘“‘normal” and ‘‘virtual” bonds
(Eqs (10a, 10b)).

bonds [virt.bonds
¥i@) = YCul@) 1 > 2 Rulo) T + Zﬂl Rg(o) 3 (10a)
p» a
bonds virt.bonds -
Ui(0) = XCul@)tu > L Pul@)py + T Pul@) Py (10b)
B Y

The argument ¢ in these equations again denotes that the matrices C, R, and P
depend on the magnitude of ¢. The transformation is therefore to be performed
independently for every value of ¢. Combining Eq. (10) with Eq. (6) results in Eq.
(11) the form of which clearly suggests the idea of the whole procedure.

bonds virt.bonds

e(@) = Y Ri(r|h|r + Zﬁ: Ri(rg|h| r;‘> (11a)
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bonds virt.bonds

si((P) = Z P'?i(pylhl Py + % P§i<P:lh| 293 (Hb)

Inspecting these expressions for the matrix elements in the sumations over the normal
bonds one immediately can see that they are identical with the above introduced
bond energies B;, B5. The Eq. (11) requires, however, also the knowledge of the
matrix elements in the sumations over ‘‘virtual” bonds. In order to determine these
values we use a simple condition (12) arising from the analogy with elementary MO
theory.

(rofh| > = =L~ <ri[hf e

+B; (124)
<p,lb| p,> = —B% - <pih| P> = +p° (12b)

Combining the above equations one may finally express the orbital energies
&;(¢) in two alternative ways (Eqs (13a, 13b)) the first of which is based on the parame-
trically determined bonding energies for the reactant and the second for the product.
Substituting these values into Eq. (5) one may similarly obtain two alternative ex-
pressions for the total molecular energy E((p). Let us attempt now to elucidate the
physical meaning of these two alternative relations.

bonds virt.bonds

olo)= L RA-B)+ Y R (130)
bonds virt.bonds

3i(<0) = 12 Pfi(‘ﬂ?) + .Z Pgi(ﬁg) (13b)

In the framework of the model described by Eq. (5) the chemical reaction is regarded
as a specific excitation manifesting itself in the variation of the occupation numbers
as described by the density matrix Q(¢). In dependence on whether the forward
R — P or backward P — R reaction is analyzed the formally excited component is
either reactant or product. These two alternatives correspond then to the above two
mentioned possibilities in calculating the molecular energy. The one using the bond
energies f* corresponds to the situation where the formally excited component is
the reactant and the change in the occupation numbers depicts the change in its
energy in the course of the reaction. Similarly the second alternative using the product
bond energies S° describes the variation in the energy of the product for the back-
ward reaction P — R. If the corresponding energies are presented graphically in
dependence on the value of ¢ one obtains a picture of two intersecting curves closely
resembling a classical Evans—Polanyi graph??*>* (Fig. 1) in which the activation
energy is given by the point of intersection of the curves and the reaction heat by
the difference E, — Ej.
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The above procedure allows thus to determine the principal kinetic and thermo-
dynamic characteristics of a given reaction. The price paid for the simplicity of the
approach consists, however, in that these characteristics are not determined absolu-
tely (in contrast to direct quantum chemical procedures) but only relatively in the
units of bonding energies f. If such relative values are to be converted into absolute
scale it is necessary to determine the values of these empirical parameters. In the
following part such a parametrization will be presented in details on a simple example
of electrocyclic transformation of 1,3-butadiene to cyclobutene. In agreement with
the prediction of W-H rules requiring this reaction to proceed by the conrotatory
mechanism, our discussion will be restricted to the detailed analysis of this alternative
only.

RESULTS AND DISCUSSION

In the sense of the overlap determinant method the structure of the butadiene and
cyclobutene is being described by the functions ¢ and ¢p (Eq. (14)).

O = |7‘127—‘1271347734l

ép = ‘”2’377’230'1,401,41 (14)

The individual bonds will again be described in terms of usual linear combinations
of AO x and y' (Eq. (15)).

1 r ! 1 ’
iy = —= X1+t —2X2 Ma3 = —zX2+ — 13
J2 V2 V2 J2
En
L -
A . Fic. 1
Schematic visualization of the dependence of
E | _ the energies of the reactant and the product
] 1 I L in reaction R— P and P R on the magni-
° Bap 90 ¢ tude of the reaction coordinate ¢
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Tae = =23 + 1 Tle = = 14 + = 14 (15)
wE BTt et 2™

The corresponding virtual bonds are then described, in analogy with the elementary
MO theory by Eq. (16).

7'5* _ LX _ _I_X 7Z*l _ 1 Xr _ 1 71
12 72 1 N 2 23 2 2 NG (3
1 1 1 |
* L 13 ’ ’
Tlag = — Y3 — — Ciqg = —- - —- 16
34 72 3 72 X4 14 \/2)(1 2 Xa ( )

The mutual relation of basis sets y and x' is given by the so-called assigning tables.
Since their construction is sufficiently described in the literature!” it need not be
repeated and we restrict ourselves therefore only to the presentation of the final
assignment having in the case of the studied conrotatory cyclization the form (I 7).

X=X X3 = X3
X2 22 Xe = — s (17)

Using these tables the product bonds are now converted into the basis of unprimed
orbitals y and are given by Eq. (18).

7I' 1 X: + 1 XI fecon 1 ¥ + 1 P
= —_ - —_—> T A3
23 \/2 2 \/2 3 \/2 (2 \/2 3
77:*’ - XI 1 xl &» 1 X 1 x
= = - = A2 T T A3
23 \/2 2 \/2 3 \/2 \/2 3
o_l 1 xl + 1 X/ fcon 1 X 1 5
o= — -_— —_— —— - — X
14 \/2 1 \/2 4 \/2 1 \/2 4
, L, 1, 1 1
ote = —<Xi— — X o — 1+ — 1 (18)

J2 J2 J2 J2

After this transformation the original bonding function ¢ is converted into the
modified function ¢; (Eq. (19)).

&y = 1”2’37-5530"14514 e, l"237—5230'14514| = ¢p (19)
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Using this modified function ¢, and the function ¢, the generalized function ¢(¢)
can be defined describing the structure of the transient species in a general point
of the concerted reaction coordinate. This generalized function then gives the topo-
logical density matrix. In our case the form of the matrix Q(¢p) is described by Eq.

(20).

11
1 11

Q = 0082
(0) 1 + 0-25sin 2¢ ?loo
00

12120 —1J2
. 121212 0
+ sin @ cos @ 0/ 1;2 1;2 12 (20)

—120 12 12

Diagonalizing this matrix for several fixed values of the argument ¢ the occupation
numbers n;(¢) are obtained. Their values are summarized for the illustration in
Table 1. Similarly the corresponding eigenvectors, expressed in the basis of atomic
orbitals y, are given in Table II. As can be seen these data confirm the expected
fact that the eigenvectors corresponding to reactant and product are identical with
the vectors of normal and virtual bonds. Using this result the general relation (5)
for the molecular energy of the reactant and the product can be converted into the
form (21) expressing the molecular energy in terms of two adjustable parameters

Bc=c and Bc_c.
Ey = —4ﬂc=c

Ep = —2Bc=c — 2Bc-c (21)

TABLE 1

Eigenvalues of the topological density matrix for conrotatory cyclization of the butadiene to
cyclobutene

@ 0 30 45 60 90

ny 20 1-882 1-848 1-882 20
ny 20 1-882 1-848 1-882 20
ny 0-0 0-118 0152 0-118 0-0
n, 00 0-118 0-152 0-118 0-0
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This set of parameters describes, however, not only the energy of the reactant and
the product but as Eq. (13) suggests it is sufficient for the complete characterization
of the system.

Since the energies Bc-c and P_( are regarded as adjustable parameters it is clear
that their determination will require the confrontation with two experimental charac-
teristics. The choice of these characteistics is in principle restricted only by the
choice of the quantities intended to be determined by the above topological ap-
proach. If for example one is interested in determining the activation energy and
reaction heat it is natural to base the corresponding parametrization on the compa-
rison with the known experimental values of these characteristics. In the case of our
cyclization both these quantities are experimentally available. Thus, e.g. the simple
estimate of the reaction heat from the experimental heat of formation of butadiene
and cyclobutene leads for the forward cyclization of butadiene to cyclobutene to
the value roughly 10 kcal/mol**. Using this value and the value of the activation
energy for the backward transformation of cyclobutene to butadiene®®-2¢ the esti-
mated activation energy for the forward reaction is equal roughly to 42-5 kcal/mol.

In the following part a simple procedure allowing to determine the values of the
necessary bond energies Bc_c, Bc-c is presented. Before starting the discussion let
us rewrite however the energy of the single C—C bond in the form (22)

Be—c = Bcoc — kPc=c (22)

expressing the change against the energy of the double C=C bond by the value of the
dimensionless parameter k. The purpose of this formal transformation consists
in that all the energetic characteristics can be expressed in terms of only parameter
Bc-c. At the same time the parameter k is simply related to the exothermicity of the
reaction (Eq. (23))

AH ~ Ep — Eg = 2kflc-c .- (23)

After having presented all the basic ideas let us describe now the detailed para-
metrization in a given reaction. The first step in this procedure consists in calculating
numerically the molecular energies E(p) for both R = P and P — R reactions in
dependence on the value of the argument ¢. In our case such a dependence is depicted
in Fig. 2 in which the curves corresponding to several fixed values of the parameter
k model the hypothetical reactions differing in exothermicities AH. Activation
energies are then simply given by the corresponding differences E* — Eg and as
can be seen from Fig. 2 they obey the Hammond postulate?” requiring the decrease
of the activation energies with the increasing exothermicity of the reaction. If the
above qualitative result is expressed more quantitatively in the form of dependence
E, vs k one generally obtains a curve that can be at least in a certain range ap-
proximated linearly (Fig. 3). The functional form of this dependence is given by
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Eq. (24)
E, = 0-5kp + 168 . (24)

Combining this relation with Eq. (23) one finally obtains the relation (25) closely
resembling the well known Bell-Evans-Polanyi relation??:? (26)

E

a

0-25AH + 168 (25)
E,=xAH + C. (26)

The above procedure can thus be regarded not only as theoretically justifying the
existence of BEP relations but moreover it can be used to determine the actual values
of the parameters « and C for any concrete reaction. In this connection it would
be of course interesting to confront such theoretically determined quantities with
experiment but since such a confrontation lies outside the scope of this study we
leave it open to some subsequent studies. For the time being we shall come back
to the promised parametrization. It is based on solving the system of two simulta-
neous Eqgs (23) and (25) complemented by the corresponding experimental values
of E, and AH. Here it should be perhaps stressed that such a procedure is not re-

i T 7 I T T T T L
R—+P i
o - ;
1+9H —
E,n
-k ]
E.D) | |
B 04 .
02 15 4 =
=0
-02
_0;4
-5p- - 143[ —
i 1 ! 1 L S N | i {
0 ¢ 90 -04 [§] P 04
FiG. 2 FiG. 3
Calculated dependence of the reactant and Evans—Polanyi graph for thermally initiated
product energies on the magnitude of the conrotatory cyclization of butadiene to
reaction coordinate ¢ for thermally initiated cyclobutene

conrotatory cyclization of butadiene to cyclo-
butene. The curves corresponding to dif-
ferent k& values describe the hypothetical
reactions differing in exothermicities AH
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stricted only to the above studied cyclization of butadiene but it can be used in an
entirely general way for the arbitrary pericyclic reaction the course of which can be
characterized by two parameters. In our case the above procedure leads to the values
of the parameters B and k given in Eq. (27)

Bc=c = 25 kcal/mol

k=02, (27)

By substituting these values into Egs (23) and (25) it can be easily verified that
the above set of parameters f§ and k reproduces the values E, and AH. Such a result
itself would not be very usefull if these parameters were not transferable also to
other related reactions. Such a transferability is not, however, apparent a priori
and should be verified since only this verification gives the presented method the
predictive power that opens its applicability for the calculation of E, and AH even
in cases for which there are no experimental data available. One of the possibilities
to check such a transferability in our case represents as independent calculation
of the activation energy for the thermally forbidden disrotatory cyclization and its
comparison with available experimental and quantum chemical estimates. For the
sake of brevity we shall not repeat the whole procedure in details but we restrict
ourselves only to the presentation of the most important differences. These differences
manifest themselves on the values of occupation numbers that in the case of forbidden
disrotatory reaction indicate the splitting of one of the electron pairs with the sub-
sequent formation of biradical structures. This leads to the increase in the energetical
demands of the activation process in comparison with the allowed conrotatory
cyclization. The magnitude of this difference can be simply estimated on the basis
of comparison of the corresponding BEP relation (28) with the relation (25)

E$* = C:25AH + 2:08. (28)

The form of this equations suggests that the difference between the allowed con-
rotatory and forbidden disrotatory cyclization manifests itself above all in the
vertical shift of the corresponding BEP lines. The magnitude of this difference
amounts roughly to 0-48 which corresponds to the difference in the activation
energies roughly 10 kcal/mol. This quantity nicely agrees with both experimental
estimate?® (6 AH = 11 kcal/mol) and with the results of recent ab initio calcula-
tions?%.

We are of course aware of the fact that such an ideal coincidence may not be
regarded as absolutely decisive but we intuitively believe that it sufficiently supports
the desired transferability of parameters § and k at least in a class of structurally
related reactions. This would then open the possibility for a wider use of the proposed
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topological model, e.g. for the study of regioselectivity and substituent effect in peri-
cyclic reactions as well as for the semiquantitative estimate of the activation energies
in computer designed synthesis where the existing direct quantum chemical ap-
proaches are still too time consuming.
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